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The main body of this book is devoted to a collection
of formulae relating the hypergeometric functions to better
known functione. There is an introductory exposition of the
theoretical results on hypergeometric functions. Proofs are
omitted but referencees are supplied for those interested in

the proofs.



I. THE EYPERGEOMETRIC FUNCTION

The purpose of this introduction is to give a brief summary of the theoretical
aspects of the hypergeometric function. A more complete discussion may be found

in [23].

The hypergeometric series:
o
(1) l#ﬂ 2 + a (a¢l) b (b+l) zz*”__ ¢ a+n b+n 2"
l.c 12 ¢ (c+l) a ) n+l c+n
RO Z Tt

is absolutely convergent when |z | <1 providing c 1s not zero or a negative “inte-
ger. When |z| = 1 the series 1s absolutely convergent providing Re (a + b - ¢)<O0.
The hypergeometric series thus defines a function F (a, b; c; z) wvhich is analytic
inside the unit circle. If a cut is made from +1 to + @, F (a, b; c; z) is ana-
lytic throughout the cut plane.

At the outset, one notes the almost trivial identities

(2) F (a, b; c; 2) =F (v, &; c; 2z)

(3) S F (8,5 ¢; 2) = 2 F (asl, bel; col; 2)

Term by term differentiation of (1) shows that F (a, b; c; z) satisfies the
differential equation:

L 3 dzu du
(4) 2z (i-2) dz—2+ c - (a+b+l) z cE-mbu:O

and from (1) and (3) F (a, b; c; z) could have been defined as that solution of
(4) which satisfies the initial conditions:

Riemann observed that the hypergeometric equation (4) is completely des-ribed
by its singularities. That is to say (4) has three regular singularities, one at
z -0, one at z =1, and one at z = 0o, with exponents O and 1 - ¢, O and ¢ - (a+b),
and a and b respectively. Thus
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2.
/
"0 @® 1 \
\
(6) d = P ! O a 0] = A
\
l-c b c-(a+b)

indicates that u satisfies the hypcrgeometric equatioa. In (6) the singulari-
ties of (4) are written in the first row and the exponents of the singularities

are written beneath the appropriate singularity.

More generally the fact that u satisfies a second order linear differential
equation with three regular singularities at a, b and ¢ with exponents* a, 1'; 8; 8';
and 7 , 7' respectively is indicated by writing:

// a b Iy \
(7) u-=P a B v z
a' B’ v’

The differential equation (called the P-equation of Riemann and Papperitz) is:

(8) a“y N laa’ ,lpp  1-7-¥ du
;;7 \ z-a z-b z-C dz

Z - z-C
l y

,laa (o) (o) BB (boe) (v-a) | 77 (cvw) (c:b) |
z-a z-b !

X = = 0
(2z-a) (z-b) (z-c) ~
where the exponents must satisfy

(9) a+a' +B +8' + J+7' =1

# It is assumed here that none of the exponent differences are integral.
In this exceptional case, t jjomplete solution may involve logarithmic
10 .

terms and is discussed in



By direct transformation of (8) it may be verified that

< ’n b c
(10) . P a B z

b a B .

a b ¢
=P a+k B-k-h T+ z
a'+k p'-k-h 7eh

and

a b c 8 b c
w er (a B T 2 -p (a8 7 o

a' Bl 7: a' a, 7,
(vhere Lé, b,, ¢,, and 2, are derived from a, b, ¢, and z by the same homo-
graphic ran%to tion

az+b

Z, * e , ad - bc #0).

or

a b c v i i 0 (e ] 1l
(12) P a -] I 4 ) =l % =% ) 4 0] B4+ 0 x

at B 7 a'a B'«a+r ¥-7
vhere ] o e e

z2-b c-a

Hence the solution of Riemann's P-equation can always be Qritten in terms of the
solution of a hypergeometric equation.

From equation (8) a and @' or 7 and 7' or both may be interchanged so that
(12) ylelds four solutions in terms of the hypergeometric series. Equation (8)
is also invariant under eny permutation of the triplets (a, a, '), (b, B, B')
and (¢, T, 7') so that a total of 2k solutions may be obtained from (12). These
24k solutions are listed in [___23:] and furnish 24 solutions of the hypergeometric
equation.

From the general theory of linear differential equations, any three of
these solutions wvhich have a common domain of existence must be linearly dependent
in that domain. For a listing of the relations connecting the 2i solutions see[___jj
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The hypergeometric series may be rcpmnnm by a contour integral:

(13) F (s, b; ¢ 1) = T‘!‘T%‘H‘Ef n-ﬁ{q.bﬁ_q_l ol &

|u-g(-:)|<ummpthormm1mumhmtmma
I'hﬂ)nbn) lie on the left of the path and the poles of ['(-s) lie to the
right of it (it is assumed that neither a nor b is a negative integer).

The analytic continuation of the hypergeometric series can be obtained
from (13) and is found to be:

(k) D?E*Bl F (s, b c;2)= Bf,%ﬂ (2)* 7 (s, 1cea; 1-bea; T )

b b-a (.‘)Ob

- F (b, 1l-c+d; l-a+d;

N L
~

vhere | arg (-z)| <« and | z | >1.

When Re (c) >Re (b) >0, a more convenient real integral representation
for the hypergeometric series is:

(15s) F (a, b; c; z) = I—_'-(-i%%g-:g’- 8[’ wt (1.“)c-b-1 (1-uzg)®au .

I 4n the hypergeomet—~’~ “unction ¥(a, b; ¢; z) one of the parameters

a, b, or ¢ .c menlar=i by 2 + 1L, b + 1 or ¢ + 1 respectively, one obtains a
furctior wh? ~h 12 said to be cmtig'uoul to F(a, b; ¢; z). It can be shown
23 :'Js, a linesr colatlion exists oveuween a hypergeometric function and

an,' wwo of 1.8 contiguous funciions. Thue, fifteen relatione vhich were

filrat found Hy Canse, can be derived. Because of their usefulness in reducing
hypergeome .ric functions to simpler functions, these relations are listed below.
Writing F, F(a + 1), P(b + 1), and F{c + 1) for F(a, b; ¢c; 2), F(a + 1, ®; ¢; 3),
Fla, b + ] ) J.‘:vi (3, ©: o + 1: z2) respectively, these relations are:

. ¢ y
iy WP &J)p

(1F) e ez2a-Mmepg)dz|FPiall 2)FP(a+l)-(c-a)F(a-1)=0

(X7) (b -8a)F+aP(a+l1l)-DF(b+1)=0

(18) (¢ ~-a-b)F+a L -2)Fla+l)-(c-D)F(b-1)=0



(19)

(20)

(20)

c[a--(c-b)z F-ac(l-z)FP{a+1)+(c=-a)(c-d)zP(c+1l)=0
(ceael)P+alPF(a+1l) -(c=-=1)F(c=1)=0
(¢ ~-a=-b)F-(c-a)F(a-2) +bd1=2)FP(b+1) =0

(b-a)(l-z)F-(c-a)F(a=1)+(c-D)F(db-1)=0

el -2z)F=-cF(a=-=1)+(c - )

T-l-(c-b-l,‘? F+(cea,ra-_,-(c=-1)Q-2)P(c=1)=0
— —_—

[c-2>+ (b-a)z | F+ D (1 -2)F(c+1)-(c-b)F(b=-1)=0

z) P{(b+1l)+ (c -a)(fc -b)zF(c+1l)=0

cE-(c-a)']F-bc(l

it
(@

(¢ «=b=-1)FP+bF(b+1l)=(c=1)F (c-1)

n
O

c(l -2)F-¢cF(=-=1)+ (c-8a)zF(c+1)
b-l-(c-a-l)-z]Fv(c-b)F’(b-l)-(c-l)(l-z)F(c-l):O

- 1
c c-l-(2c-a-b-—l)z_JF¢(: -a)(c -b) zF (¢ 1) ' b=t 0F (=) }aD



II. THE CONFLUENT HYPERGEOMETRIC FUNCTION

If in a differential equation two of the singularities tend to coincidence, a
differential equation results which is knowvn as a confluent form of the original.

In particular, if in the equation satisfied by F (s, b; c; 5 ) the limit 1s taken
as b approaches co the confluent hypergeametric equation results,

2
) 248 z-c) B au-o0

a z2 dz

one solution of (31) is the comnfluent hypergecmetric series

)y n e ) - i_rrr‘—%—cfm 3
n=0

Equation (31) has a regular singularity at zero and an irregular singularity at .

Since F gas b; cz i) 1s symmetric in a and b, equation (15) becomes, by confluence
when Re (¢ )->Re (a) > O:

[(c) 'A u a=l c-a-l
(33) | F) (&5 ¢c;2) =+ IO S e u T (l-u) du

Another solution to (31) is given by

(34) 'Ll) (a; ¢; 2) = T'—JGT f e uﬁ'l (lw)c-a-l %
0

vhere Re (a) >0 and Re (z) >0.

Many authors prefer to treat the wWhittaker fuac*ions M, (z), and Y x (z) vhich
2

are related to the confluent hypergeamet-i: fun-ion 'y *he formulae
B+=
Mk,m(z)=e-z/zzZ,Fl(-é--k+m;2m+l;z)
(35) oL
wk,n (z) = e-z/Z z e (12-' -k +m; 2m+1; z)

The Whittaker functions satisfy the differential equation

2 i—-lz
(%) < ;" 'Ili*lf* 2

d 2z z

w =0

and are discussed in [23 | and [ 24] .
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III. REDUCTIONS OF HYPERGEOMETRIC FUNCTIONS

AND EXPLANATION OF THE TABLE

As previocusly noted, any second order linear differential equation with
three regular singularities can be reduced to the hypergeometric equation by
(12). This equation in turn may theu be solved in terms of the hypergeometric
function. Several ways are open for reducing the hypergeometric and canfluent
hypergeometric functions to better known (in the sense at least that better
tabulations exist) functions. For example, one might ai.ply exui.ne the hyper-
geometric series for special parameter values. Thus, (a; 2; z) and
F (a, b; c; z) reduce to polynomials vhenever a is a nigitive integer. Again,
it may be possible to evaluate the integrals (13), (15), (18), or (i9) which
represent the hypergecmetric function; or it may be possible to find the complete
solution of the hypergeometric equation in terms of better known functions.

With these and other techniques, and with a perusal of the literature,
the following tables have been ccllected in the hope of making the task of the
engineer and physicist somewhat easier.

The organization of the results is, as far as possible, lexicographic
with respect to parameter values. Since F (a, b; c¢; z) is symmetric with
respect to a and b the amaller parameter has been chosen to be first. A brief
glance at the section headings should suffice to acquaint the user with the
other voints of organization.



DEFINITIONS

2ni

S fe8)
J., (z) = 1 (_;_) /‘ t.n-]. t at
-0

Jy (2) cos7x - J__ (z)
Yy (2) = siny x "

. Modified Bessel Functions

Iy (z) = 1'7.1, (1 z)

Ky (z) = %x {1'7 (z) - 11 (z)} cot g x

Cosine and Sine Integrals
(e ]

c1(z)=-f 2;—" dax

Z
z

si (z) = f “:" dx
0

Confluent Hypergeometric Functions

[s )
Lo - l;c; 2 a+n n
1 r1 (8; c; z) a c+n) n! .
n

Re (a) >0, Re (z) >0



5. Elliptic Integrals

x/2
E(k) = (/" (1-k% s1n® 0)}7% 4 o
x/2
K(k) = (1 - x° sin’ e)'l/?' d e
6. Error Functions
X -uz
Ert (x) :J e du
o
2
Erfc (x) =d/° e du
X
7. Exponential Integral
oY
-Ei (-x) = o du
X
8. Fresnel Integrals
X
C (x) = i_ co_su du
‘2,( lu
S (x) = — f iDL 0 Gy
\\{_2—; 0 \I u

9. Gamma Function

[(x)

lo o)
f e-u ux-l du
0

10. Incomplete Gamma Functions



1ll1. Gegenbauer Polynomials

S (D0 @e2in) G - 3 o)
(|
Co (2) = Z HNORNGTD CRye

i«0
12. Hankel Punctions

57(1) (2) =J7 (2) + 1 Yy (2)

(2)
Hy (z) =J7 (z) - 1 Yqy(2)

13. Hypergeometric Function
oQ

— 1
.o _ c a+n b+n n
F (a, b; ¢; z) I"a b j nll“cm z
n=0

14. Legendre Functions
|

o ()] 7o

Re (m)<-—; |zj<1

EE; (z) cosm x - 3:::}_ P'; (z_)—]

; 22

P'J (Z) = P] (Z

15. Logarithmic Integral

X

= E1 (log x)

/7
Li (X) =C/ .Logt

0

16. W(z) = Lim '%_1 z*l]

n—-—y»00

10.



17. Whittaker Functions

Lo+ Lo

Py
x/2 x F (%— -k+m; 2m+l; x)

L (x) = e b |

1

me—
x/2 x e w(lz-' -k+m; 2m+l; x)

Y% ,m (x) = e
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.10

.12

F(-%,
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(-3,
PG
F(3,1
Fz,1
PG,
P, 1
F ;.8
P Go3

Wi+

el

L] o

win

] 78

o
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£+

Wi+
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1. NUMERICAL PARAMETERS

. 1l
; x) = (L:é_“_l—'l‘) /3

; x) = G e 1"‘> N
()

x)-
1l-x

ﬁ)-%x(n

;6 = 2E ()

; xz) = % sin”! x
i XY -t
\Il-x
2 1 -1
; =X ) = = tan
2 1 1
;x%) =3y I 73
; X) = E
1l + l-x
; x) = l+x
(1-x) 372
; x) = l+x

(l-x)573

12.



.13

14

A5

.16

17

.18

.19

.20

.2l

.22

13.

\

F@:g; g;[j_ccahlx:])

1
ex72 tanh x (2 cosh x)lﬁ

X
sin x coms x

P(1,1; % ; 840 x) .=

F(L,1;2; -x) = % 1n (l+x)

F(l,%;%;X)= 1+x2
(1-x)
2
F(L,2;2;x) =
‘ l-x + (l-x)lf2
F(l,%;B;) l-,_2= - -
Ecoshx] 2 e cosh x tanh x

F(l,%;3;x)

=]

=)
—
oNW
-
W &
-
wp "
-
b
A g
W
S
1
> —
o
—
oo
—
+
—~ oD
—
'
b g
N
’—‘
~
]
0N
~
(V)




.23

.2k

.25

.26

.27

.28

.29

.30

.32

e |
———
Nk

-
[aV}

-
&

s
~~
W

-
(OS] o8 |
-e
W&

» =X )
23 [_ghxz) tan™! x - x
e L x3 (l+x2)
; x°)
3 2 1 lex

= hx Lox® i 'l_-;]
-X x

’ x) = a 5
l-x (1+\1l-x)”

ai.n22x-2xc062

|

1h.



-33

.34

-35

- 37

-39

A4l

43

e

F(2,2;

M A

F (2,

=
——
[g¥]
-
ST,
=

=
_~
N
O
-

"
o
XTIV,

-
W'y

=3
Py

PN
w

Lim F
a,b—>»w

Lim F
a,b—>w

Lim F
a,b—>»
Lim F

8, b=

15.

3: -X)
1 1
= 2 EW - x—z ln (l+x]
2 x) - 2
2 (l-x)3
3; x)
_ & 2 l-x +1
3 \,l-x (1-x + \]l-x)2
L x) = 8
\l-x (l+ l-x)3
1 x) - 2 x + 1
(L-x)
l+x
)l o —hee
(1-x)
1
8 i) T
(l-x)S/Z
20 ) - lex -
(L-x)”
b . l x2 -
(a, ; E y - Fa—b = Cos x
x2
(a,b,z, m):Coshx



2.1

2.2

2.

Lim
b——>0

FIRST AND THIRD PARAMETERS NUMER ICAL

n
F(b,-n;%;-x).u*—xL

2

n
F(l)l_n;2;-x)=.§l;x)_-—£

nx

16.



3.1

3.2

3.3

3.4

3.5

3.6

o |

1 2n 2
B g 12 a2 n+l o [l
2 I"Zn#l n . 2X
1l
(E,n+l;n¢§;x2)
" (2n+2) l+x2\

22n+1[1—1(n#1)j|J 2 xn+l qﬂ \2x

B
N )
(1, -m; a-m+¢l ; - =) = E > (8 x1
xm a - i
(m) 10
(1 , mel-a ; m+2 ; -x)

= I {a-m) (m+1) ! \\g? ] a\ .n
T(ad) xm*l ‘) | (n) )

n=m+l

(<2 ,B;B; -x) = (1« x)2

17.



L.l

b.2

b.3

4.4

4.5

L.6

4.7

L.8

4.9

4.10

L.11

L.12

L.13

L.

'y
—
0o -
=]

-

[]
oo -
o

|
———
(g T N o

[V TN od

]
(STl ol

]
[V 1R ad

18.

THIRD PARAMETER NUMER ICAL

3\ ] o

;linzx)-coanx

N

2 n
; - tan” x) =cos n x cos Xx

1z (1ex)® « (1-x)°
zix )= )

ol
+§;

2 cCOos & X
x) . 288X

a
cos X

1/2)'2° N x1/2)'2‘

;x)=%(l+x 5

n _2n Y-
(- 1) (Zn)!(n.) P2n (x)

2
; X ) =

N+

—

2

-a;%;sm x)‘cos.x

cos X

[aV]




b.1bk

k.15

k.16

b.17

o) - Ny -

N -

’

N

N -

) o) = o) -

Njw

a;

e ;

n;

% 3 sin® x) =

3 sinz x) =

Njw

; - tmz x)

Njw

sin a x
a sin x

sin a x

a sin x cos x

n
sin n x cos

19.

+1

X

n sin x

_ 1B (n1)2 ,2R
; ‘2) = 1 n. '2 P (x)
2n+1) ! x 2n+l
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5. NO NUMERICAL PARAMETERS

F(-n,B;B; -x)=(+x)"°
1/2 1-2a
r(n-%,u;h;x)-E+$17'—g——:|

1 1 1 (-x)t/? e

F(a, a+

N T Ll+x
F("‘*E.,z.,x).(l-x)“l
P(%n,n-l,%n-l;x)-nnf+n1:xz

1 S ) 1 e ®* (2 cosh x)™®
F(l+2a,§+§a,l+u,[:co.hx_jz). e
F(LzL*l-’_%g;l-u;l-xz)

2
L - 1)“1’1(1 'J&) pu (x)
m 7
s
F(-17, Z+1;1-u;%-%x)
4\ 1/2u
Ta-w (@) 7w
1 1 1
FGI+gu+1, 50 +5ue 5'7*%;_}')

-uis 7+ (7+ l)x"ﬁl#l
1/‘ 7 G
reue1) (x2-1)H7




5.10

5.11

5.12

.13

5.15

vhere

P(l-u*T,-u-z;l-u;%-%x)
1
(Y . e _
_F(l E)Lx l)zu P‘; (x)
oM
F(%#%n,lo%n;2§+n;—l-§)
X
(2 )" T+ D)
= = (x)
xlﬁ]’j(ﬂ;) Qn
1
Fpegyogu lozdogniteiity)
X
1
o Hin 27+1l "7 3) 1+%-y (x2 l)?‘
= 1 Qu} (x)
T e

. 1l 1 1
F(27+D,-D,I+'?:',§-2X)

: +l-r’2/f f
TL’((IZIJZE% Lol

L l 1 I
F(-3n,5-350;1-%-n;—

S

x

Xx =Rcos® ,r =R sin 6

2Lz



o A8

5.16 F(%—*u,%-u;%*h Zx)
e

1
TR
eI (g ) T (BT

Q‘} (cosh x)

23 II/ZI 1(u#?#l) sinh* x
vhere e2x —2

5.17 iz F (m -n ,m+n+1;m+1; % ( 3 )2}



6.4

6.2

6.3

6.4

6.5

6.6

6.7

6.8

6. SPECIAL ARGUMENT VALUES

—

F(Za +g) b

[T N ol

)
1
1

3a
51 2 .1
; 28 + 25 2) = (£)
£i 5 -8 [fa+3) a3

~
1 1
s
+

o)

o2 [(2) (e e d)
F(-a,-a+%;2&*§£°%)=(‘g Jﬁ;:?[ 12‘
L) e

-, 2
1 1 1 |77/l
F(5,5;1,57'2_7"321{\Kﬂ
F(Q,l'a,c,%)
C
(§)

23.



2h4.

6.9 (asl) F (-8 , 1 ; b+ 2 1) + (b + L) F (b, 1, 8+2; -1)
e if*i+b+; b2

6.10 P(,a;a+1;-1)
o | V(E+sa) -z

6.11 Flas+>,3;28-+ 2. or1%/3
8 3
2 +1xa/2 !'(2a+?3-)
o % 1 T Teh 1 2 2
Bl [ D] @] (5
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THE CONFLUENT HYPERGEOMETRIC FUNCTION
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T.11

7.12

7.13

T.14

T.15

7.16

T7.17

T8

26.

W (Q;1; -logx)=-iix)
. x
w(l-a;l-t;x)-el‘(u,x)

0 (% sTi 1 e2); 2x) = x HE X (2x) Ky (x)

W (% +1; 1l e21; -21x) = % 1-1/2 -1 (x-4x) (2x) ]H(Zl) (x)
Wy (%*7, 1 +2%; 21 x) =-%x-l/2 (x-Fx) (2x) ?H(’i) (x)
et (T m-x) (% vpilezr; 21x) -t Tyd Lo, 27; -2 1 x)

x-l/z (2x)-7YI (x)
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